Introduction
Metamaterials with negative permeability and/or permittivity have attracted much interest due to their extraordinary electromagnetic (EM) characteristics [1] - [10] . The artificially fabricated metamaterial can be classified with combination of the positive and negative signs of material parameters into four categories. Most ordinary category includes the double-positive material with all positive material parameters in which the right-handed waves propagate. The other categories are the double-negative material with all negative material parameters and the single-negative materials with either permeability or permittivity negative. It has been taken for granted that the wave can propagate only in the double-positive and double-negative materials but can not propagate in the single-negative materials. There have been known, however, some exceptions, such as surface plasmon [11] , impedance surface wave [12] and magnetostatic surface wave (MSSW), which propagate along the interface of single-negative and double-positive materials [2] - [5] . The present authors reexamined those waves in the light of the sign of material parameters. They demonstrated under what circumstances TE or TM surface modes can propagate along the boundary of semi-infinite and finite-thickness slab with single-negative material whose permittivity and permeability are both scalar but one of them is negative [6] .
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a) E-mail: hotta@yamaguchi-u.ac.jp DOI: 10.1093/ietele/e89-c. 9 .1283 is intrinsically anisotropic. Typical metamaterial with negative permeability or permittivity can be realized by stacking sheet of substrate with printed split-ring resonators (SRRs) on their surface [7] or embedded thin metal wires [8] , [9] . These structures exhibit a negative material constant only to one direction. In fact, three sets of perpendicular stacks of substrate are required to realize isotropic structures as shown in Ref. [7] . Thus, it will be more realistic to analyze the anisotropic structure that has tensor material parameters. In this paper, to clarify the effect of the anisotropy of the single-negative material and find their new application, we have presented the wave equations of TE and TM modes in the material with permeability and permittivity tensors whose components are allowed to take negative or positive values according to the directions, and also derived the eigenvalue equations together with the EM field of volume modes in finite-thickness single-negative slab structure.
Secondly, solving the TE mode eigenvalue equation of the finite-thickness slab with negative permeability tensor numerically, we have presented the dispersion characteristics of the propagation constant and field distributions for those volume modes. The electric and magnetic energies are compared for this TE mode, resulting in the overwhelming dominance of the latter. This fact suggests that this mode could be a magnetostatic wave (MSW).
In the last, the magnetostatic approximation is applied to the present structure and it is found to support MSWs. In addition, by ignoring the term ω 2 ε 0 µ 0 compared with β 2 in the dispersion relation for the TE mode, we will arrive at the MSW dispersion relation, and hence, the TE mode in a single-negative slab will be proved to be an MSW again.
Basic Structure and Field Expressions

Finite-Thickness Slab with Negative Tensor Material Parameters
As shown in Fig. 1 , we analyze the TE and TM modes in finite-thickness slab with tensor permittivityε and permeabilityμ whose components are allowed to be negative and the slab thickness is T (region II). The coordinate system used in the analysis is also shown in the same figure. It is assumed that the tensor permittivity and tensor permeability of slab are linear and simultaneously diagonalizable,
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Field Expression and Eigenvalue
To get the eigen solutions and the corresponding eigenvalues, we start from the following source-free Maxwell's equations,
whereε andμ are the permittivity and permeability tensors defined by Eq. (1), respectively, and time and z-dependence of the EM fields is assumed as exp{ j(ωt −βz)}. Furthermore, the structure for the analysis has no variation toward the y-direction, and hence, the partial differential operators as to y and z can be replaced as follows,
Then, the Maxwell's Eq. (2) in region II are decomposed into the following set of equations, 
where
In the same manner, we can also derive the wave equation in regions I and III, as follows,
Solving the wave equations in each region, respectively, we can get the field expressions for TE mode in the following. For region I (x ≥ 0) and III (x ≤ −T ), from Eqs. (7), (4d), and (4f) with the boundary condition at x = ±∞, each field component can be expressed as follows.
For region I(x ≥ 0),
and, for region III(x ≤ −T ),
where C 1 and D 1 are arbitrary constants. Next, for region II (−T ≤ x ≤ 0), we can obtain the following field components from Eqs. (5), (4d), and (4f), considering that the expected solutions for the volume modes have sinusoidal variation inside the slab.
where A 1 and B 1 are arbitrary constants. Application of the boundary conditions at x = 0 and x = −T surfaces for transverse electric and magnetic fields H z and E y lead us to the eigenvalue equation,
with
The eigenvalue equation can be decomposed for the modes with even-and odd-symmetry, respectively,
In this paper, we have used the terms 'even mode' and 'odd mode' to express the symmetry of dominant field component, that is, the longitudinal magnetic field, H z , for TE mode. Furthermore, to confirm the validity of the eigenvalue equation (11), we transform it to that of TE surface mode presented as Eq. (10) of Ref. [6] . In order to express the single-negative sheet with negative scalar permeability and positive scalar permittivity, we set the components of the permittivity and the permeability tensors as,
where ε 1 and µ 1 are the positive real quantities. When the components of material parameters are set as Eqs. (14) and (15), the phase constant δ 1 in Eq. (6) becomes imaginary,
where δ 1 is real quantity. By substituting Eq. (16) into the eigenvalue equation (11) and using Euler's relation, we can get the same eigenvalue equation for TE surface mode appeared in Eq. (10) of Ref. [6] .
Note that the y-component of the permeability tensor is not included in the analysis above. This means that TE mode can propagate along the slab waveguide, regardless of the y-component. When µ z is negative, while µ x is positive, like
Equation (6) becomes
as long as ε 1 and µ 1 are larger than ε 0 and µ 0 , respectively, δ 1 can be a real quantity, and hence, the EM field should constitute a surface mode. Now, we summarize the relationship between the sign of permeability tensor components and the modes propagating to the z-direction in the slab extending to y-and z-directions as shown in Fig. 1 . Table 1 shows 4 types of modes three of which were described in this section. The last one(type d) is similar to conventional volume mode that propagates in a dielectric slab waveguide, except that negative µ y is allowed as a result of extension to metamaterials. The other 3 types exist in a slab of anisotropic negative permeability.
TM Mode
In the case of TM modes, by selecting Eqs. (4a), (4c), and (4e), we obtain the wave equation in region II as Table 1 Existence of TE modes in slab shown in Fig. 1 with possible sign combinations of permeability tensor, where all components of permittivity tensor are assumed as positive quantities.
In the regions I and III, we can also find the same equation as that of TE mode Eq. (7) with proper interchange of the magnetic and electric components. Then, convergence of each field component at x = ±∞ gives the following expressions.
For region I (x ≥ 0),
and for region III (x ≤ −T ),
where C 2 and D 2 are arbitrary constants.
For region II (−T ≤ x ≤ 0), from Eq. (19), EM fields of TM mode inside the slab can be written as,
Applying the boundary conditions at x = 0 and x = −T surfaces for transverse electric and magnetic fields E z and H y , we can get the following eigenvalue equation
In the same manner as for TE mode, Eq. (24) can be decomposed into the even-and odd-mode equations, respectively,
Carrying out the same process as those for TE mode, Eq. (24) can be transformed into the eigenvalue equation of TM surface mode with negative scalar permittivity and positive scalar permeability [6] by setting ε x = ε z = −ε 1 and µ x = µ y = µ z = µ 1 where ε 1 and µ 1 are positive real. In this case, the y-component of permittivity tensor ε y also does not affect the existence of TM surface mode. It is extended to TM mode in the slab waveguide in general. The TM mode can propagate along the slab waveguide, regardless of the y-component.
Numerical Analysis for TE Volume Modes with Negative Permeability Tensor
Solving Eq. (11) numerically, we can obtain the eigenvalues for the TE volume modes. Prior to the numerical calculation, let us consider the combination of positive and negative sign of the permeability tensor which give the volume mode.
Negative permeability material has at least one or more negative components of permeability tensor. To support the TE volume mode in a negative permeability slab, the phase constant δ 1 in Eq. (11) must take a real value, that is, the argument of square root of Eq. (6) must be positive real, then µ x < 0 and µ z > 0 is a possible combination of the components for single-negative permeability material. Hence, we set the components of material parameter tensors as follows,
where ε x = ε r (ω)ε 0 and µ x = µ r (ω)µ 0 , and ε r (ω) and µ r (ω) are the dispersive relative permittivity and permeability. As a numerical example, we have used the frequency dependence of the following relative permeability for SRRs (SplitRing-Resonators) expressed in Eq. (43) of Ref. [7] ,
where c 0 is the velocity of light. The other parameters of SRRs used in this paper are chosen to be much smaller than the free-space wavelength as shown in Fig. 2 . Figure 3 shows the dispersion characteristic of the relative permeability Eq. (28) with the resistance of SRRs zero, that is, σ 1 = 0.0. The dimensions and other structural parameters of SRRs are the same as those in Ref. [7] and the slab thickness is set as T = 1.0 mm. In this material, µ r (ω) becomes negative over the range of frequency from the singular point at 13.48 GHz to 14.41 GHz and is also smaller than −1.0 below 13.92 GHz as shown in Fig. 3 . It seems that the material with this permeability tensor can be realized by stacking the appropriately printed SRR boards as shown in Fig. 4 . It has been pointed out that the relative permittivity of this material has no dispersion and its absolute value is close to unity [7] . Thus the x-component of the permittivity tensor, ε x , assumed to be ε 0 in the following analysis. Solving the eigenvalue equation (11), we show the dispersion characteristics of TE 1 to TE 4 volume modes in Fig. 5 together with the odd-and even-symmetry TE surface modes, TE os and TE es , [6] for comparison. From these results, we know that the propagation constants of the TE volume modes go down toward the cutoff frequency 13.92 GHz as increasing the operating frequency. This nature tells us that the obtained TE modes are backward waves, having the same property as the modes in double-negative material. In addition to this backward wave nature of obtained volume modes, Fig. 5 also shows that the surface modes in singlenegative slab have forward wave nature. This relationship between obtained volume modes and corresponding surface modes in the single-negative slab is much similar to those of MSW modes and the magnetostatic surface wave (MSSW) mode in ferromagnetic slab [13] .
Substituting the eigen values obtained at the operating frequency 13.75 GHz to the field expressions (8)- (10) for each mode, we can get profiles of the longitudinal magnetic field, H z , and transverse electric field, E y , as shown in Fig. 6 , where the slab region II is indicated by gray coloring.
Furthermore, we estimate the time-average energy stored in the EM field to investigate the nature of these modes in more detail. The electric and magnetic stored energy for unit length of the slab waveguide is given, respectively, by the following integral expressions [14] .
where ε r (ω) and µ r (ω) are the relative permittivity and permeability with dispersion, respectively. In our analysis, it is assumed that the permittivity of the material has no dispersion but the permeability in the x-direction is dispersive. Substituting the electric and magnetic field expressions in each region (8)- (10) and the expressions for the dispersive permeability Eq. (28) with σ 1 = 0.0 to Eqs. (29) and (30), we can obtain the energy stored in EM fields of singlenegative finite-thickness slab with the negative permeability tensor. Figure 7 presents the time-average energy stored in the magnetic field as well as the ratio of the electric and magnetic energy for the TE 1 mode. This result tells us that the energy stored in the magnetic field is extremely larger than the electric counterpart suggesting the possibility that these modes are the magnetostatic waves. In the next section, we will examine it, looking for the solution of the magnetostatic wave equations.
For a slab with negative permittivity tensor, on the other hand, TM mode dispersion relation and field distributions will be easily obtained with proper interchange of the electric and magnetic field components due to the duality of the electric and magnetic fields in the similar manner as Sect. 2.2.2.
Magnetostatic Approximation
To verify that volume modes described in the last section are the magnetostatic waves, we will analyze the structure based on the magnetostatic approximation and examine if there is a solution or not. At first, we will assume the same structure as Sect. 3. Then, for the magnetostatic mode, Maxwell's equation in region II can be expressed as follows,
(32) Equation (31) allows H given by
where Ψ is an unknown scalar potential. The following scalar wave equation is derived by substituting Eq. (33) into Eq. (32).
Then, by using the operations (3) due to given structure, we can derive the wave equation for the TE magnetostatic mode in region II as,
where µ x = µ r (ω)µ 0 is the dispersive x-component of permeability tensor. In the following discussion, it is assumed that the µ x takes a negative value, since we have treated the single-negative material, and we set as µ x = −µ a µ 0 where µ a = |µ r (ω)| is a positive real quantity. By solving Eq. (35), the scalar potential can be expressed as,
in the region II. In the same manner, the scalar potential in region I and III can be written by the following forms, ∂Ψ ∂x must be applied at x = 0 and x = −T as the boundary conditions, where µ(x) represents µ 0 in regions I and III, and the x-component of permittivity tensor in region II. Applying these boundary conditions, we can obtain the following eigenvalue equations,
Equation (39) gives numerically the same dispersion curves as those of TE 2 and TE 4 volume modes in Fig. 5 , while Eq. (40) those of TE 1 and TE 3 . In fact, the numerical differences are less than 1%. This result demonstrates that the TE volume modes obtained in Sect. 3 are the magnetostatic modes. We know Eq. (11) contains the terms ω 2 ε 0 µ 0 and ω 2 ε y µ x implicitly by examining Eqs. (6) and (7). In the magnetostatic approximation, neglecting the displacement current is equivalent to assuming
Thus, we obtain the approximated relations For the TM modes, it is easy to obtain the eigenvalue equations using electrostatic approximation by proper interchange of the electric and magnetic field components. And it has been also confirmed that the TM volume modes obtained in this paper are the electrostatic wave.
The magnetostatic and electrostatic waves have been known to propagate only in the magnetized ferrite and plasma, respectively. It has been taken for granted, in other words, that DC magnetic field plays an essential role, giving a nonreciprocal tensor permeability or permittivity. The present result reveals it is not the case.
The negative values of one or more components of the permeability tensor in case of the MSW, for example, are essential for having a solution of the MSW wave equation (34). If µ x , µ y , and µ z are of the same sign, Eq. (35) cannot have a propagating solution. This property reverses the Poynting energy flow inside the slab, as a result, which partly cancels the Poynting energy flow outside the slab. Thus, this reduction of total energy flow S with preservation of large EM energy W results in the reduction of group velocity v g as is understood by the equation.
Thus, negative sign of permeability tensor components also explains the slow wave nature of MSW.
In the last, one more comment on the property of MSWs is added. The definition of the magnetic wave is that it has larger magnetic energy than the electric energy, which is different from that of the magnetostatic wave. The definition of the latter is that it obeys the magnetostatic condition, Eq. (31). Magnetostatic waves, however, have always had a larger magnetic energy, as far as the present authors know. It may be because a negative permeability is induced by some kind of resonance, which is accompanied with a strong dispersion. A large value of permeability and its variation around the resonance frequency could result a large magnetic energy. The result shown in Fig. 7 was also brought about by the resonance shown in Fig. 3 .
Conclusions
The eigenvalue equation and field expressions of TE and TM modes for the finite-thickness slab structure with singlenegative tensor material parameters were demonstrated in consideration for dispersion of material parameters. We have revealed that the nature of the existing modes in the single-negative slab, whether surface mode or volume mode, depends on the sign combination of the tensor components of material parameters.
It is also verified that TE and TM modes obtained in this paper are the magnetostatic and electrostatic wave, respectively, by the magnetostatic or electrostatic approximation analysis. Thus, it has been brought to light that the MSW could exist in nonmagnetic materials. This fact would bring us the possibility of novel microwave and millimeterwave applications such as midget magnetostatic resonator composed of the nonmagnetic single-negative metamaterial utilizing the short effective wavelength nature of MSWs.
